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Abstract

Frontier reasoning models are produced by post-training base language models with re-
inforcement learning. Recent work has challenged this by showing that sampling from a
sharpened version of the base model’s distribution, a so-called power distribution, elicits compa-
rable reasoning without additional training, curated datasets, or verifiers. However, making
this method practical requires efficiently sampling from the power distribution. A sampler needs
to “mix” to the power distribution, which necessitates moving between modes of the target
distribution; intuitively, e.g., trying different reasoning strategies. The samplers proposed
in prior works repeatedly select a “cut” position in the current reasoning trace uniformly at
random and resample the suffix from that position onward. However, reasoning traces typ-
ically contain a few consequential decisions (e.g., the choice of proof strategy or algorithm),
and we observe that a uniformly chosen cut tends to rewrite local details rather than revisit
decision points. We introduce an algorithm (Entropy-Cut Metropolis—Hastings) that uses the
base model’s next-token entropy as a proxy to identify key decision points and resample from
those positions. We empirically verify that entropy jumps are a useful proxy for decision
points and, in a stylized model of reasoning, prove that our method’s mixing time scales
with the number of decisions in a trace rather than with the number of tokens, which can
be much larger. Across MATH500, HumanEval, GPQA Diamond, and AIME26, our method
consistently improves over baselines and RL-trained models.

1 Introduction

Frontier reasoning models are typically obtained by posttraining base language models with
reinforcement learning. This paradigm has produced striking gains on mathematics, coding, and
scientific reasoning [OJKL+24; CBSP+25; GYZS+25]. At the same time, it raises a basic question:
does posttraining teach models fundamentally new reasoning procedures, or does it mainly elicit
abilities already encoded in the base model? One explanation for these gains is the sharpening
view. Under this view, base models already assign non-negligible probability to many high-quality
reasoning traces, and posttraining improves performance by concentrating more mass on these
traces. Indeed, one mechanism by which posttraining improves reasoning performance is to convert
strong top-k performance into stronger top-1 performance [NLGS+25; YCLZ+25]. A growing body
of evidence supports this perspective: RL-trained models often improve pass@1 without expanding
the set of reasoning paths available in the base distribution [HFW25; SLXG+25; SKM25; YCLZ+25].

Building on this, Karan and Du [KD26] showed that strong reasoning behavior can be elicited
from a base model without additional training by sampling from a sharpened version of the base
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Figure 1: Entropy-Cut MH revises reasoning traces at decision points and improves accuracy.
Left: uniform cuts can splice proposals inside a local calculation, producing suffixes that only
rewrite nearby tokens. Entropy-Cut instead cuts near high-uncertainty reasoning steps, allowing
the proposal to reconsider the underlying continuation. Right: on Qwen2.5-7B, this targeted
proposal improves accuracy over standard sampling, low-temperature sampling, SMC, TMC, and
uniform-cut MH across MATH500, HumanEval, and GPQA Diamond.

distribution. Concretely, for a base distribution p over complete traces, they target the power
distribution

Iz (x) o p(x)*,

which upweights traces already assigned high likelihood by the base model. This approach
is attractive because it is training-free, dataset-free, and verifier-free, making it a form of test-
time scaling that uses only the base model’s own probabilities. Sampling from Il is, however,
computationally non-trivial (see Section 2). Karan and Du address this with a stagewise Metropolis—
Hastings sampler that iteratively revises a candidate trace: it picks a cut position, keeps the prefix
before the cut, resamples the suffix from a proposal model, and accepts or rejects the new trace via
the Metropolis—Hastings correction. This sampler succeeds in eliciting strong reasoning, but its
efficiency is the bottleneck for the entire approach, raising the key question:

How can we sample from the power distribution efficiently?

Prior Work. Several recent works have sought to address this question by departing from the
stagewise Metropolis—Hastings framework. Azizi, Potraghloo, Ahmadi, Kundu, et al. [APAK+26]
replace it with a Sequential Monte Carlo method that maintains particles and corrects their weights
token by token, while Ji, Tutunov, Zimmer, and Ammar [JTZA26] sample autoregressively by
approximating the next-token conditionals of II7. Hence, both of these works depart from the
approach of prior work and use new and more sophisticated sampling algorithms. We instead
retain the Metropolis—-Hastings sampler of Karan and Du [KD26] and modity it to better suit the
structure of reasoning traces.

Our Approach. For an MCMC method to mix efficiently, it must be able to transition between the
modes of its target distribution. For Il7, which is a distribution over sequences of tokens, these



modes correspond, heuristically, to qualitatively different lines of reasoning: a proof by induction
and a proof by contradiction may both have high probability under the sharpened distribution, but
moving between them requires revisiting the early decision that chose the proof strategy (Figure 2).

Our Contributions. Our contributions are as follows.

* We introduce Entropy-Cut Metropolis—Hastings (Section 3), a training-free sampler for I'ly that
modifies the stagewise sampler of Karan and Du [KD26] by placing cuts at positions of high
next-token entropy, a proxy for decision points (see Figure 1), rather than uniformly. The
Metropolis—-Hastings correction ensures the target distribution is unchanged.

¢ We formalize the benefit of cutting at decision points (Section 4) in a reasoning-tree model,
where the possible reasoning traces are encoded as a tree whose root-to-leaf paths are token
sequences and whose branch nodes correspond to key decision points. We show that entropy-
cut mixing scales with the number of decision points k, while uniform-cut mixing can scale
with the token depth T, which can be much larger than k (Theorem 4.1).

* We empirically demonstrate the effectiveness of our algorithm over a range of models
(Qwen2 .5-7B,Qwen2.5-Math-7B, Qwen3-8B-Base,Phi-3.5-mini-instruct,Phi-4-mini-inst ruct)
and reasoning tasks (MATH500, HumanEval, GPQA Diamond, AIME26). As summarized in
Figure 1, our results show that more suitable power sampling techniques can better extract
the latent reasoning capabilities of language models. Moreover, over multiple samples, we
avoid a collapse in diversity despite the increased single-shot performance.

Organization. The next sections review the power-distribution sampling framework, introduce
Entropy-Cut MH, and analyze it through a reasoning-tree model. We discuss the closest related
methods in context and defer broader related work to Appendix A.

2 Preliminaries on Sharpening and Metropolis—Hastings Algorithm

In this section, we set up notation, introduce the power distribution, and describe the stagewise
Metropolis—Hastings sampler of Karan and Du [KD26] that serves as our starting point.

Notation. For nonnegative functions f,g : N — R>(, we write f < g if there exists an absolute
constant C < oo such that f(x) < Cg(x) for all x € IN. Similarly, we write f 2 gif ¢ < f and
f~gif f S gand f 2 g. We work with finite sequences of tokens and denote a sequence of
length T + 1 by xo.7 = (x0,x1,...,x7). Forany 0 < t < T, we write x<; = (xo,...,x_1) and
Xst = (Xt4+1,...,x7) for the prefix and suffix around position t. Let xp be a prompt and let p be
an autoregressive language model which, given xp, generates a continuation x(.7 with probability
p(xo.r | xp) = HtT:o p(x: | xp, x<t). Throughout the paper, we condition on the prompt xp and
suppress it from the notation, writing

p(x) = Hf:o p(xt | x<t)

for any prefix x = xy,s. Sampling from p is straightforward: drawing x; ~ p(- | x<;) sequentially for
t=0,1,...,¢ produces a sample from p(x) in £ + 1 forward passes. As we discuss, this convenience
does not extend to our target distribution, and sampling efficiently is a central challenge of our paper.



Power Distribution and Sharpening. A growing body of evidence suggests that RL-posttraining
does not teach base models fundamentally new reasoning capabilities, but rather concentrates
their sampling on high-likelihood reasoning traces that are already present in the base distribution
[HFW25; SLXG+25; SKM25; YCLZ+25]. In other words, among candidate continuations of a fixed
prompt, those assigned higher probability by the base model tend to be more likely to be correct.
This motivates sharpening: reweighting sequences by a monotone function of p(x) that enlarges the
ratio between likely and unlikely sequences, so that the resulting distribution concentrates on the
sequences the base model is already most confident about. Building on this insight, Karan and Du
[KD26] proposed sampling from the power distribution as a concrete, training-free mechanism for
sharpening. Fix a parameter « > 1, called the sharpening power. For each sequence length /, the
power distribution I, is obtained by raising p(x) to the a-th power and renormalizing:

IT(x) == Pl where Z;, = Z p(yo.)" - (Target: a-Power Distribution)
Zy ’ Yo
The parameter a controls the strength of sharpening: the probability ratio between two sequences
is amplified from p(x)/p(y) under p to (p(x)/p(y))" under I1,. As « — 1, the power distribution
reduces to p, and as @ — oo, it concentrates on the most likely completion. The distribution that we
ultimately wish to sample from is I'l7, where T is the total generation length. Intuitively, sampling
from Ilr favors tokens whose continuations concentrate on a few high-likelihood futures, rather
than tokens that spread probability over many mediocre ones. This implicit bias toward “planning
ahead” is particularly valuable for reasoning, where a few early token choices can determine
whether the rest of the trace succeeds or fails [AABB+24; LKC25]. Karan and Du [KD26] show in
their simulations that being able to sample from It can elicit comparable reasoning capabilities
without additional training.
Next, we explain why sampling from Il7 is hard and how prior work overcomes this.

Sampling from the Power Distribution Is Hard. At first sight, it might seem that sampling from
IIT reduces to low-temperature sampling at temperature 1/«, where each next-token conditional
p(- | x<t) is independently raised to the a-th power and renormalized. This is not the case: low-
temperature sampling sharpens and normalizes each next-token distribution locally, whereas the
power distribution Ilr sharpens complete traces and normalizes globally through Z ,. In fact, the
two distributions can be made arbitrarily far apart in total variation, even for sequences of just
two tokens (see Appendix B.3). More fundamentally, computing Zt, requires summing over an
exponentially large space of token sequences, making exact sampling from IIr intractable.

Metropolis—Hastings for Sampling from the Power Distribution. Crucially, although the nor-
malizing constant Zr , is intractable, the unnormalized density p(x)" is easy to evaluate: a single
autoregressive forward pass yields p(x). For sampling from targets specified only through an
unnormalized density, a central tool is the Metropolis—-Hastings (MH) algorithm [MRRT+53; Has70].
Given a proposal distribution g(x|x"), a single MH step at state x draws a candidate x" ~ ¢g(x, -) and
accepts it with probability min {1, =(x")q(x'[x)/(n(x) q(x|x’)) } , otherwise the chain stays at x. Iterating
this rule produces a Markov chain whose stationary distribution is 7 (under minimal assumptions
of aperiodicity and irreducibility, which hold in our setting); see Appendix B.2.

The key property of MH is that the acceptance rule depends on 7t only through ratios of densities,
so the intractable normalizer Z, cancels in ITr(x") /TIr(x), leaving a ratio involving only p(x")*



and p(x)* that is computable from autoregressive forward passes (see Remark B.1). However,
the efficiency of MH depends critically on the proposal distribution q: a poor choice can cause the chain to
mix exponentially slowly, i.e., require an exponentially large number of iterations before its distribution
converges. This problem is especially acute for Iy, whose state space |V| T grows exponentially in
the generation length [GLP17; BMNW22].

To overcome this, Karan and Du [KD26] propose a stagewise MH sampler that (partially)
addresses this challenge through two design choices (see Algorithm 3). First, instead of targeting It

directly, they grow the generation in blocks of size B: samples from Il;p are used to initialize an MH

chain targeting I, 1)p, avoiding pathological cold starts. Second, within each stage, the proposal
distribution is defined by a cut distribution A(-; x), a distribution over positions {1, ..., £}: the chain
draws a cut index m ~ A(-; x), retains the prefix x¢.,_1, and redraws the suffix x,,., from a proposal
model pprop. Concretely, the proposal distribution assigns zero mass to any candidate x’ whose
to any candidate that agrees on the prefix (see Remark B.2 for the explicit forr,n),. The resulting
acceptance probability, after the standard MH correction for the state-dependent cut distribution, is

@

Ap(x x') = min {1 p(x’)"‘ . A (m; X/) . Pprop (%t | Xom-1) } .

p(x)u A (m; x) Pprop (x;n;g | xO:m—l)

Karan and Du [KD26] select a uniform cut distribution, Aypis(m; x) = 1/4, paired with a proposal
Pprop given by the low-temperature version of p, which treats every token position as an equally
useful place to revise the trace. In Algorithm 1, we present pseudocode for a meta-algorithm that
generalizes Karan and Du [KD26]’s method and allows for a general cut distribution. As we argue in
the next section, the uniform cut distribution from [KD26] is suboptimal and a key contribution of our work
is a carefully designed cut distribution that improves empirical performance by reducing mixing time.

3 Entropy-Cut Metropolis—Hastings

In this section, we introduce our algorithm for sampling from the power distribution ITr.

Our algorithm is an instantiation of the meta-algorithm from Algorithm 1. It is identical to
the algorithm of Karan and Du [KD26] except in the choice of the cut distribution A—the rule
that chooses where each MH proposal is cut. Rather than cutting uniformly at random, our cut
distribution concentrates cuts at positions where the model faces a genuine choice. The motivation
for this change is that the uniform-cut sampler can mix slowly.

A standard way to think about slow mixing is through conductance. Roughly speaking, con-
ductance measures how easily a Markov chain can leave one region of its state space and move to
another: if the chain tends to get stuck in a region for many steps, then the conductance is low, and
mixing is slow.

In our setting, these regions correspond to different high-level lines of reasoning. For example,
a proof by induction and a proof by contradiction may lie in different regions, and moving from
one to the other requires the sampler to revisit the early decision that chose the proof strategy. More
generally, reasoning traces contain only a few such high-level choices—which proof technique
to use, how to split into cases, which algorithm to implement—followed by many tokens that
simply work out the consequences of those choices. A sampler that treats every token position as
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Algorithm 1: Meta-Algorithm: Stagewise Metropolis—Hastings

Input :cut-point sampler A; proposal models pprop; power a > 1; length T
Hyperparameters:block size B; number of MCMC steps per stage Nnicmc
Output :continuation xg.7 approximately distributed according to Il

=y

Set K < [T/B], Ty + 0, and x(©) to the empty continuation

N

foreach stagek < 1,2,...,K do
3 Set the k-th stage’s target length Ty <— min{kB, T}

4 Sample a suffix s ~ pprop (- | x*~V) of length Ty, — Ty_;
5 Set the current state x < (x~1),5)

// Metropolis—Hastings chain targeting the power distribution for length-T;

6 for each MCMC stepn < 1,2, ..., Nyemc do
7 Sample a cut point m ~ A(-;x) (from which the current continuation will be revised)
8 Sample a (new) suffix s ~ pprop (- | Xo.u—1) of length Ty —m
9 Set the proposed state as xP™P < (x¢.,,—1,5)
10 Compute the acceptance probability A, (x, xP™P) from Equation (1)
11 With probability A, (x, xP™P), accept the proposal and set x <— xP™P
Otherwise, reject the proposal and leave x unchanged

12 Set the k-th stage’s output as x%) « x
13 return x(K)

equally worth revising will usually cut too late, so it mostly rewrites details within the same line of
reasoning rather than moving to a different one. The example below makes this concrete in the
setting of a math proof.

Example 3.1 (Proof Strategy as an Early Choice). Consider proving a generalization bound. Early
in the trace, the model may choose between a uniform-convergence argument and an algorithmic-
stability argument. Once this choice is made, later tokens mostly execute the chosen proof strategy
(see Figure 2). If the choice occurs at position +* in a trace of length ¢, a uniform cut revisits it
with probability only t*/¢; when t* < ¢, the sampler rarely tries a different approach, creating a
low-conductance bottleneck that increases mixing time.

A natural way to address this is therefore to revisit such consequential decisions more often. To
turn this idea into an algorithm, however, we need a generic way to identify where these decisions
occur. In some special cases, one could do this using ad hoc rules—for example, in a proof one
might ask the model to write in explicit steps and then cut at the beginning of each step. But such
rules do not generalize across the wide variety of reasoning tasks handled by modern LLMs.

Our first insight is to use the entropy of the base model’s next-token distribution as a proxy
for a decision point. Intuitively, entropy is high when several continuations are plausible, and low
when the continuation is largely determined. For each 0 < t < /, we define h;(x) = — Y ,cy p(v |
x<t) log p(v | x<¢), the Shannon entropy of the base model’s next-token distribution after x ;.

Using h; directly has one drawback: after an important decision point, entropy often remains
elevated for several subsequent tokens while the consequences of that decision are being worked
out. A cut distribution proportional to /; would therefore spread mass across an entire high-entropy
stretch, even though the most informative place to cut is often where the uncertainty first increases.



Figure 2: Illustration of a low-conductance
bottleneck. Each region represents a fam-
ily of reasoning traces that share the same
high-level approach (e.g., two different proof
strategies). Within a region, the sampler can
make many local edits. To move from one re-
gion to the other, however, the sampler must
revisit an early decision that determined the
approach. When this happens rarely, it cre-
ates a low-conductance bottleneck leading to

Approach 1 Approach 2 ..
(e.g., proof by (e.g., proof by slow mixing.
induction) contradiction)

Motivated by this, we use the positive entropy jump
A¢(x) == max {0, hi(x) —h—1(x)} (1<t<y, ()

which emphasizes positions where the model’s uncertainty has just increased relative to the
preceding token, while suppressing later tokens in the same high-entropy region. This leads to the
following cut law.

Definition 1 (Entropy-Cut Distribution). Fix a cut power B > 0. The entropy-cut distribution
for a state x of length £, Ag(m;x) o Am(x)P (1<m<Y).
In the edge case where A(x) = 0 for every t, the distribution is uniform over {1,...,¢}.

Here, the choice = 0 recovers the uniform cut distribution A,;s of Karan and Du [KD26], while
larger 8 places more mass on larger entropy jumps.

Entropy has recently been used to identify branching points in chain-of-thought reasoning and
to allocate additional computation at such points [WYGZ+25; ZWMZ+25; LCGZ26]. Our use of
entropy is somewhat different: rather than using it to guide search, training, or evaluation of the
output, we use entropy jumps to define the proposal distribution of a Metropolis-Hastings sampler
targeting the power distribution. In particular, entropy affects the MH sampling process.

Entropy-Cut MH and its Running Time. Our algorithm, Entropy-Cut MH, is obtained by instan-
tiating the meta-algorithm of Algorithm 1 with the cut distribution Ag; see Algorithm 2 for the
full pseudocode. Relative to the uniform-cut sampler of Karan and Du [KD26], the only change is
the choice of cut distribution: the stagewise targets, the proposal model pprop, and the Metropolis—
Hastings acceptance rule are unchanged. Moreover, the entropies /;(x) are already produced by
the forward passes used to evaluate p(x)*, so computing Ag adds no cost over the uniform-cut baseline.

3.1 Empirical Validation of the Entropy Proxy

The entropy-cut rule is useful only if large positive entropy jumps tend to occur near genuine
decision points in the model’s reasoning. We test this directly by comparing what happens when



we resample from positions with large A; to what happens when we resample from positions with
very small A;.

Experiment. We conduct a simple experiment to test how sensitive an LLM’s continuation is to
resampling at different points in a chain-of-thought. For each MATH500 problem, we generate
a single completion and record the token-level entropies along the way. We then compute the
entropy jumps Ay, select 5 cut positions from the top decile of the A; values and 5 from the bottom
decile, and resample the suffix 16 times from each selected position while keeping the prefix fixed.
We quantify the resulting variation in two ways: normalized edit distance between the resampled
suffixes, computed as the average pairwise token-level Levenshtein distance divided by the mean
suffix length, and distinct-answer fraction, computed as the number of unique parsed final answers
among the resamples divided by the number of resamples. Together, these give a per-position
measure of suffix divergence.

Findings and Interpretation. We find that cutting at top-decile A; positions produces substantially
more divergent continuations than cutting at bottom-decile positions. The normalized edit distance
is about 1.33 x higher (0.287 vs. 0.216), and the distinct-answer fraction is about 1.36 x higher (0.63
vs. 0.47). This is direct evidence that large entropy jumps tend to mark branching points in the
reasoning trace: resampling at such points leads to more varied downstream text and more varied
conclusions, whereas resampling at low-A; positions typically yields much more consistent suffixes.

4 Theoretical Results on Mixing Time

In this section, we study the mixing time of our method under the following stylized model:

Definition 2 (Reasoning Tree). Fix a prompt and a target length T. A reasoning tree for (Ilt, pprop) i
a rooted, token-labeled tree of depth T whose root-to-leaf paths are token sequences x.r, such that Il and
Pprop are both supported on these paths. For a root-to-leaf path x = xo.r, the node at depth t € {1,...,T}
is a branch node on the path if the prefix xo.—1 has at least two children in the tree, and a chain node
otherwise.

Intuitively, a chain node represents positions where the next token is effectively determined—for
instance, the next step of a calculation already in progress, or completing the implementation of
an already-described function. A branch node, in contrast, represents a position where a decision
must be made, e.g., which calculation to do or which function to implement. For instance, in
Example 3.1 the reasoning tree has a branch at depth b; = O(1) where the path splits by proof
technique; subsequent branches encode decisions internal to the chosen technique.

The reasoning tree constrains the support of the power distribution Il but does not place
any constraint on how it distributes its mass across these paths. How this mass is distributed can
substantially affect the time a method takes to converge to Ilr. Indeed, if Il places nearly all of its
mass on a single path p, then any instantiation of Meta-Algorithm 1 lands on p quickly and the
choice of the cut distribution is irrelevant. The challenging regime is where Il places comparable
mass on several paths and the sampling algorithm must “explore” all of them. To isolate the effect
of the cut distribution, we analyze our method in this regime, formalized in the condition below.

Condition 1 (Approximately Symmetric Reasoning Tree). Let U be the uniform distribution over
root-to-leaf paths. For some n > 0, the reasoning tree satisfies the following symmetry conditions:
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1. For each root-to-leaf path x, e U (x) < Ilp(x) < e"U(x).

_to- istributi isfies Lot oy
2. For each root-to-leaf path x, the proposal distribution satisfies Povon (For]507) <el.

3. For each root-to-leaf path x, the entropy jump A(x) is A at branch nodes and 0 otherwise.
4. For each branch node in the tree, the subtrees rooted at its children are isomorphic.

The first two conditions control how far the power distribution I'l; and the proposal distribution
Pprop can deviate from the uniform distribution U over the root-to-leaf paths. Here, the parameter
17 controls the amount of deviation, and 7 = 0 corresponds to perfect symmetry, the hardest regime.
Condition 3 formalizes our observation in Section 3 that branch nodes have a much larger entropy
jump than chain nodes. To simplify the statement, we assume all branch nodes have the same
entropy jump A. Our result extends to the more general case at the cost of a more complicated
statement. Finally, Condition 4 assumes the reasoning tree is symmetric, so all decisions at a branch
point appear “equally good.” Again, this isolates the hardest case for the analysis, and the result
extends to more general trees. In particular, due to symmetry, this condition implies that each
root-to-leaf path has the same number of branch nodes, say k. We call k the semantic depth of the
reasoning tree.

Recall that the mixing time T2 (¢) of an MH chain measures how many steps it needs before its
distribution is within ¢ of the target in TV-distance." Our main result compares the mixing times

7¢¢ and T4 of the entropy-cut and uniform-cut MH chains, respectively.

Theorem 4.1 (Mixing Separation Under Approximate Symmetry). Consider the reasoning-tree model

under Condition 1. Fix B > 0 and set the number of stages K = 1. Let the number of branch nodes in a
root-to-leaf path be k (i.e., the semantic depth is k).> Then, for every e € (0,1/2),

1. The entropy-cut chain satisfies T, (&) < e*Tklog1/s;

2. Moreover, if the first branch node is at depth by < T/2, then T (e) = O (T/by).

mix
Thus, for # = O(1) and constant accuracy, entropy-cut mixes in O(k) steps while uniform-cut
requires ()(T/b;) steps. Thus, the relevant scale for entropy-cut is the number of semantic
decisions k, whereas for uniform-cut it is the token depth T/b; of the earliest decision. When
k < T/b;, the separation is large: if the first decision occurs after O(1) tokens and k = o(T)
(as in Figure 2), entropy-cut mixes in o(T) steps while uniform-cut requires Q(T). The proof of
Theorem 4.1 appears in Appendix B.7.

5 Evaluation of Performance on Reasoning and Instruction Following

In this section, we present our main empirical results.

1Formally, Tgix(e) :=min {n >0:sup, drv (P}(x,-),IIr) < e}, where the supremum is over root-to-leaf paths.
2Due to Item 4 in Condition 1, the number of branch nodes in each root-to-leaf path is the same.



51 Setup

We use a standard suite of reasoning benchmarks across math, coding, and STEM. All of our
evaluations are in the single-shot setting, i.e., with a single response string. We report the average
scores across 8 independent runs for all datasets except AIME26, which we repeat 64 times. Each
run is completed on a single H200 GPU. Our implementation leverages the v11m v0.9.2 inference
library [KLZS+23].

Reasoning and Instruction-Following Benchmarks. We evaluate on MATH500, HumanEval,
GPQA Diamond, and AIME26, covering competition mathematics, code generation, graduate-level
science questions, and olympiad-style mathematical reasoning. Dataset details and evaluation
protocols are given in Appendix C.1.

Language Models. Following Karan and Du [KD26], we use the base models Qwen2.5-78B,
Qwen?2.5-Math-7B, Qwen3-8B-Base, as well as the instruction-tuned models Phi-3.5-mini-instruct
and Phi-4-mini-instruct.

Baselines. To demonstrate the efficacy of our algorithm, we compare against the following:
¢ Standard: Sampling from the conditional next-token distribution provided by the model.

¢ Low-Temperature: Sampling from the exponentiated conditional next-token distribution
with exponent (temperature) T = 1/a.

¢ Sequential Monte Carlo (SMC): SMC [PS99; DDJ06; Joh09] is a well-studied particle-gibbs
method for sampling from distributions over sequences given access to unnormalized proba-
bilities. In the context of power sampling, SMC maintains a weighted population of partial
completions, updates their weights as tokens are decoded, and resamples when the weights
become too uneven [APAK+26].

¢ Twisted Monte Carlo (TMC): Another well-studied sequential sampling technique is to
modulate the conditional next-token distribution with some estimate of the future “rewards”
(a twist function). For power sampling, the twist is taken to be an estimate of the future
probabilities of the completion [JTZA26].

¢ Uniform-Cut Metropolis—Hastings (MH): Metropolis-Hastings with uniform cut-point
sampling.

As SMC and TMC do not have public implementations, we implement our own following the
description in their respective works.

Hyperparameters. Unless otherwise stated, we follow the hyperparameter choices of Karan and
Du [KD26]. We set the maximum length T = 3072 and block size B = 3072/16 = 192 for MATHS500,
HumanEval, and double T and B for the more challenging GPQA Diamond and AIME26 datasets.
We set the power exponent « = 4.0 for all datasets except for HumanEval, for which we found
a higher & = 5.0 to perform better. The cut law exponent is set to p = 4.0 for all datasets. The
number of MH transition steps is set to Nvcmc = 10. We take the proposal distribution pprop to be
the low-temperature distribution with temperature T = 1/«. The hyperparameters for SMC and
TMC are based on their best-reported settings. See Appendix C for more details about SMC, TMC,
and hyperparameter ablations.
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5.2 Results

Our main findings are displayed in Table 1. Across base and instruction-tuned models from
different families, our sampling algorithm consistently improves accuracy on reasoning tasks.
In particular, using Qwen2.5-7B, we observe a +36.0 gain on MATHS500 and a +35.9 gain on
HumanEval relative to standard sampling. The consistent improvement of entropy-cut over
uniform-cut MH across model families and tasks supports our theoretical prediction (Theorem 4.1)
that cutting at semantic decision points yields faster mixing, while reaffirming that improved power
sampling can further extract the latent reasoning capabilities of existing models [KDD26].

Table 1: Entropy-Cut MH (ours) is competitive with and often improves over prior (power)
sampling techniques across model families and tasks. We benchmark our sampler on MATH500,
HumanEval, GPQA Diamond, and AIME26. All scores are percentages. We bold the best score in
each column within a model family and underline our scores (last row per block).

Model Method MATH500 HumanEval GPQA Diamond AIME26
Standard 35.9 33.0 29.4 2.0
Low-Temperature 62.3 64.3 29.5 57
owen2.5-78 SMC 69.8 64.9 28.8 74
: TMC 70.4 66.2 27.5 9.4
Uniform-Cut MH 67.4 66.8 29.4 8.2
Entropy-Cut MH (ours) 71.9 68.9 30.2 94
Standard 50.1 31.0 29.0 4.8
Low-Temperature 68.3 55.8 33.1 6.4
SMC 78.9 55.2 32.0 11.8
Qwenz.5-Math-7B TMC 78.2 51.2 32.5 10.6
Uniform-Cut MH 73.1 59.8 32.4 9.5
Entropy-Cut MH (ours) 79.0 59.9 34.1 13.1
Standard 58.5 47.6 31.7 3.2
Low-Temperature 77.3 73.7 37.6 6.4
Owen3-8B-Base SMC 79.3 76.7 38.1 10.1
TMC 79.7 75.2 38.6 9.8
Uniform-Cut MH 79.5 75.8 38.8 9.5
Entropy-Cut MH (ours) 80.2 79.3 40.0 10.3
Standard 429 40.5 27.8 0.6
Low-Temperature 45.3 62.2 32.5 1.6
Phi-3 . 5—mini-instruct SMC 49.8 65.2 31.0 1.7
: TMC 49.3 65.6 31.5 3.0
Uniform-Cut MH 49.1 64.9 31.8 2.9
Entropy-Cut MH (ours) 49.7 65.6 32.8 3.1
Standard 55.5 39.9 30.7 3.5
Low-Temperature 66.4 65.5 32.1 6.8
Phi-d—mini-instruct SMC 68.1 66.7 31.9 8.6
TMC 66.1 66.1 32.1 6.9
Uniform-Cut MH 68.7 67.9 32.0 8.0
Entropy-Cut MH (ours) 68.8 68.4 33.3 8.7

5.3 Analysis

We analyze several important characteristics of various (power) sampling algorithms and defer
additional details, such as hyperparameter ablations and running times, to Appendix C.
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Sequence Log-Probabilities. We plot the distribution of the sequence log-likelihood values
computed via the base model (Qwen2 . 5-Math-78B) on the MATHS500 dataset across 8 random seeds
in Figure 3. In addition, the 25th, 50th (median), and 75th percentile values are marked with dashed,
solid, and dotted vertical lines. We observe that entropy-cut MH samples from higher-likelihood
regions than standard, low-temperature, and uniform-cut MH. See Appendix C.3 for average
confidence plots.

Standard Low-Temperature Uniform-Cut MH Entropy-Cut MH (ours)

- Q'1=-168.10 -- 0,=-36.80 i : -- 0,=-28.18 i : -- 0,=-24.88 i ;
0.15 4 — ©:=-83.82 4 —0=2123 1 1 —0,=-16.63 ! 1 —0,=-13.97 !
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Figure 3: Entropy-Cut MH (ours) samples from higher-probability regions than baselines. We
plot gwen2.5-Math-7B log-likelihoods for MATHS500 responses across samplers. The 25th (Q),
50th (Q2; median), and 75th (Q3) percentile values are marked with dashed, solid, and dotted
vertical lines, respectively.

Diversity and Pass@k. We plot the pass@k accuracy (at least one correct answer among k) in
Figure 4 using an unbiased estimator [CTJY+21]. This demonstrates that our method maintains
diversity comparable to standard sampling despite its improved pass@1 performance.

0o Pass@k Accuracy across Samplers Figure 4: Entropy-Cut MH (ours) main-
' e P e e ) tains diversity across multiple passes de-
_ —-—— . .
e — : spite the improved pass@1 performance. We
> 0.8 1 ; +/ -
g - plot Qwen2.5-Math-7B pass@k accuracy for
7’
S 07 ot 058 — MATHS500 responses across samplers.
< ¥ Sampler ./'j::‘;'
'5 —&— MH (entropy) 036 5672‘/
% 0.6 —m— SMC 0.84 .//./
£ ,/ —— T™MC 0.82: {HEEISE
/ MH (uniform) -
0.5 ¢ —+= Low-Temp 4 3 6 ! 8
=~ Standard -
1 2 3 4 5 6 7 8
k

6 Conclusion, Limitations, and Future Work

We introduced Entropy-Cut Metropolis—Hastings, a simple modification of the stagewise sampler
of Karan and Du [KD26] that places cuts at positions of high next-token entropy rather than
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uniformly over tokens, focusing proposals on points where the model appears to face a genuine
choice. This preserves the same power-distribution target while better matching the structure of
reasoning traces. Our theory shows that, in a reasoning-tree model, entropy-cut mixing scales with
the number of semantic decisions rather than the full token length, and empirically, Entropy-Cut
MH improves performance across models and reasoning benchmarks while maintaining sample
diversity.

Several directions remain open. Our experiments focus on small and medium open models;
evaluating entropy-cut sampling at larger scale would clarify how much further reasoning perfor-
mance can be extracted from stronger base distributions. We also study single-shot completions,
but many practical reasoning systems revise partial solutions, call tools, or branch across attempts;
extending entropy-cut proposals to these settings could make the sampler a useful component in
broader inference-time reasoning. Finally, our entropy proxy is deliberately simple; future work
could learn or adapt the cut distribution from richer signals such as model uncertainty, verifier
feedback, or cross-sample disagreement, while retaining the Metropolis—-Hastings correction that
keeps the target distribution unchanged.
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A Additional Related Work

In this section, we discuss additional related lines of work and how they compare to our work.

Speculative Decoding. The structural idea of drawing a candidate from a cheap proposal and ac-
cepting it with a ratio-based rule resembles speculative decoding [CBIL+23; LKM23], in which a small
draft model proposes continuations that are then accepted or rejected according to ratios of proba-
bilities under a larger target model. The two methods share the accept-reject template but serve
different purposes: speculative decoding accelerates exact sampling from a fixed autoregressive
target, whereas MH produces samples from a target, here Ilr, that is not itself autoregressive.

Entropy as an Uncertainty Signal. Several works use entropy or related uncertainty estimates from
a language model’s predictive distribution to identify unreliable generations. In autoregressive
sequence prediction, token- and sequence-level uncertainty have been studied for error detection
and out-of-domain detection [MG21]. For factual generation, Fadeeva, Rubashevskii, Shelmanov,
Petrakov, et al. [FRSP+24] use token-level uncertainty to identify claims that are likely to be
unreliable. These works use uncertainty primarily as a diagnostic for the generated output. We use
the same broad signal for a different purpose: rather than deciding whether a completed answer
should be trusted, we use local changes in uncertainty to decide where an MH proposal should cut
and resample a reasoning trajectory.

Entropy and Reasoning Decisions. Closest to our setting are recent works that treat high-entropy
tokens as places where a reasoning trajectory branches. Li, Callanan, Ghassel, and Zhu [LCGZ26]
propose entropy-gated branching, which allocates additional test-time search at high-entropy
moments where multiple continuations are plausible. Wang, Yu, Gao, Zheng, et al. [WYGZ+25]
study entropy patterns in chain-of-thought reasoning and find that a small fraction of high-entropy
tokens can act as “forks” that steer the model toward different reasoning paths. Some work also
considers changes in uncertainty over time: Zhang, Wang, Mo, Zhou, et al. [ZWMZ+25] use changes
in entropy and variance-entropy across consecutive reasoning steps to decide whether to deepen,
branch, or stop exploration. Taking inspiration from these observations, we use entropy differences
as a lightweight proxy for decision points in the model’s reasoning. Unlike beam- or tree-expansion
methods, however, we do not allocate additional samples at every such point. Instead, we use the
signal to choose cut locations inside an MH sampler, with the goal of revisiting uncertain reasoning
decisions while avoiding cuts inside long low-entropy stretches of local computation.

Semantic Entropy. A related line of work argues that token-level entropy can be misleading in
open-ended generation, because many different strings may express the same meaning. Farquhar,
Kossen, Kuhn, and Gal [FKKG24] therefore propose semantic entropy, which measures uncertainty
over semantic equivalence classes of sampled responses rather than over surface forms, and use it
to detect confabulations in LLM outputs. Follow-up work such as Kossen, Han, Razzak, Schut, et al.
[KHRS+24] aims to approximate semantic entropy more efficiently from model representations.
This line of work supports the general idea that uncertainty in the model distribution can reveal
meaningful properties of the generation, but it also highlights a limitation of purely token-level
entropy. In this paper we do not use semantic entropy: our cut rule is based on token-level
entropy changes because they are cheap to compute during generation and naturally aligned with
token-level cut positions. Understanding whether semantic entropy, or another meaning-aware
uncertainty measure, can further improve the choice of cut locations is an interesting direction for
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future work.

Critical Tokens and Decision Points. Several recent works observe that reasoning trajectories
often contain a small number of high-leverage tokens. The Phi-4 technical report introduces pivotal
token search, which finds tokens whose generation substantially changes the probability of final
correctness and uses them to construct targeted DPO pairs [AABB+24]. Lin, Liang, Xu, Lin, et
al. [LLXL+24] identify critical tokens in incorrect mathematical reasoning traces and show that
modifying these tokens can substantially improve downstream correctness. Li, Karan, and Chen
[LKC25] study the related phenomenon of critical windows, where model behavior changes sharply
over a narrow region of the generation process. Karan and Du [KD26] connect this idea to power
sampling, showing that the power distribution can favor tokens whose futures concentrate on
high-likelihood completions rather than tokens that merely look locally likely. Our method is in the
same spirit, but uses entropy jumps as a verifier-free inference-time proxy for these decision points,
allowing the Metropolis—Hastings sampler to revisit consequential choices without changing its
target distribution.

B Additional Discussion and Remarks
B.1 Remarks on Metropolis—-Hastings

Remark B.1 (MH Acceptance Ratio Is Tractable for ITr). Because p is autoregressive, p(x) =
[1f_o p(x¢ | x<;) is computable from a single forward pass, and the MH ratio depends on p only
through p(x')*/p(x)*. The intractable sum defining Z , therefore never needs to be computed.
The cut-based proposal kernel below can likewise be sampled by a single autoregressive pass, so
both the acceptance ratio and the proposal run in polynomial time despite the exponentially large
state space.

Remark B.2 (Explicit Form of the Cut-Based Proposal Kernel). For a cut index m, the proposal
kernel that retains xo.,, 1 and redraws x,,., from pprop is

ry _ ) Pprop (e | X0m-1), if X0, = Xom-1,
Qm(x,x") = .
0, otherwise,

where porop (Xt | Xoum—1) = [Tj—p Pprop (¢ | X<¢) . The factor A(m; x') /A(m; x) in the acceptance
probability corrects for the state-dependence of the cut law and is what ensures that I, is the
stationary distribution of the resulting chain.

B.2 Irreducibility and Aperiodicity of the Stagewise MH Chain

In this section, we recall the standard conditions under which the stagewise Metropolis—-Hastings
chain converges to its target distribution, and explain why they hold in our setting.
Fix a stage length /, let
Q= {x : Hg(x) > 0}

be the support of the target distribution at that stage, and let P, denote one step of the corresponding
MH chain. We adopt the convention that the earliest admissible cut redraws the entire continuation;
with the indexing x(.; used in the main text, this corresponds to allowing m = 0.
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Definition 3 (Irreducible). An MH chain Py is said to be irreducible on Q) if for every x,y € )y, there
exists r > 1 such that P} (x,y) > 0.

Definition 4 (Aperiodic). An MH chain Py is said to be aperiodic if for every x € Q, ged {r > 1: Pj(x,x) > 0}
is 1.

Since () is finite and the Metropolis—-Hastings construction makes Py reversible with stationary
distribution I, irreducibility and aperiodicity imply that || P}!(x, -) — IT;||;y, — 0 for every x € Q)
as n — oo; see, e.g., Levin, Peres, and Wilmer [LPW17].

It remains to explain why these conditions hold in our setting. Assume first that the proposal
model pprop has full support on (), in the sense that whenever y € (), every suffix of y has positive
probability under pprop conditional on its preceding prefix. Assume also that the cut law has full
support on the admissible cut locations, i.e.,

A(m;x) >0  forevery x € )y and every admissible .

This is immediate for the uniform-cut baseline, and for entropy-cut, it can be enforced by adding
an arbitrarily small uniform floor, e.g., Ag . (11; x) & Ay (x)P + ¢, (e > 0). Under these two support
assumptions, irreducibility and aperiodicity are immediate. For irreducibility, fix any x,y €
). With positive probability, the chain chooses the earliest cut and then proposes y exactly by
redrawing the entire continuation from pprop; by the support assumption, this proposal probability
is strictly positive. The reverse proposal from y back to x is also positive, and both IT,(x) and I'T,(y)
are positive on (), so the MH acceptance probability is strictly positive as well. Hence Py(x,y) > 0,
so the chain is irreducible. For aperiodicity, from any state x € (), there is positive probability of
choosing any admissible cut and then redrawing exactly the current suffix, thereby proposing x
itself. Such a proposal is accepted with probability one, so Py(x,x) > 0 for every x. Thus the chain
has a self-loop at every state and therefore period one.

B.3 Low-Temperature Sampling Is Not Power Sampling

In this section, we show that sampling from the power distribution Il (xo.7) & p(x.r)* is not
equivalent to low-temperature sampling at temperature 1/«.

Concretely, let @1 denote the low-temperature distribution where each next-token conditional
p(- | x<¢) is independently raised to the a-th power and renormalized. Both power sampling
and low-temperature sampling alter the base model, but they do so in different ways: ®r alters
and normalizes each next-token distribution locally, whereas I1r raises complete traces to the a-th
power and normalizes globally. We show that the two distributions can be almost disjoint, even for
sequences of just two tokens.

Proposition B.3. Fix any « > 1 and any € > 0. There exists an autoregressive distribution p over
two-token strings such that the power distribution I'ly and the low-temperature distribution ®q satisfy

I~y > 1.

The construction is simple. One first-token choice has smaller marginal probability under the base
model but leads to a single high-probability completion. The other has larger marginal probability
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but spreads its mass over many low-probability completions. Low-temperature sampling favors the
second choice because it sharpens marginal next-token probabilities locally; the power distribution
tavors the first because it sharpens complete traces, rewarding the concentrated completion.

Proof. Let 6 = ¢/2. Choose R > 1 large enough that ﬁ < 4, and then choose N large enough

that le—: < 6. Consider two-token strings whose first token is either a4 or b. Let the second-token

alphabet contain a special token x and tokens 1, ..., N. Define the base distribution p by

1 . R
p(a,*) = m and p(b,l) = m

fori=1,...,N,
and assign probability zero to all other two-token strings. Equivalently, the base model chooses a
with probability 1/ (1 + R), chooses b with probability R/ (1 + R), completes a deterministically
with %, and completes b uniformly among N choices.

Let A be the event that the first token is 2. Under low-temperature sampling, the first-token
conditional is sharpened locally, so

(1/1+R)" 1

®i(4) = (1/14R)" + (R/14+R)" T 1+Re

Under the power distribution, however, the probability of A is obtained by sharpening the proba-
bilities of complete two-token strings:

(1/14R)" 1 1
IT,(A) = = > >1-9.
1(4) (1/14R)* + N (R/(N+NR))* 1+ R¥/N*-1 = 146 ~
Therefore,
T — @1 ||y > [TT(A) — @1(A)| >1-25=1—¢. 0

B.4 Illustration of a Reasoning Tree

via T Entropy jump (high A¢)

{ induction ] { contradiction ] [ constructive }

[ base case } [ suppose not } { define object }

v v

{ assume k ] { derive conflict ] [ verify }

Figure 5: Illustration of a reasoning tree. Chain nodes (gray) are positions where the next token is
effectively determined; branch nodes (blue) are positions where a semantic decision must be made.
Entropy jumps occur at branch nodes. For example, the branch after the token “via” corresponds
to the choice of proof strategy.
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B.5 Algorithm: Entropy-Cut Stagewise Metropolis—Hastings

In this section, we present the pseudocode for our algorithm.

Our algorithm is the special case of the meta-algorithm in Algorithm 1 obtained by taking the

cut distribution to be the entropy-cut distribution Ag from Definition 1. Thus, instead of treating
every token position as equally likely to be revised, the sampler places more mass on positions
where the model’s uncertainty has just increased, as measured by the positive entropy jump A;. In
this way, cut points are biased toward likely decision points in the reasoning trace.

Unlike the uniform-cut case, the cut distribution now depends on the current state, so the

cut-law ratio does not cancel from the Metropolis-Hastings acceptance probability. This correction
is precisely what ensures that the resulting chain still targets the same power distribution Il7. The
resulting sampler is shown in Algorithm 2. As before, we keep the proposal model ppop explicit

below; in our experiments, it is instantiated as a low-temperature version of the base model.

Algorithm 2: Entropy-Cut Stagewise Metropolis—Hastings

1

2
3

4

5

16

17

18 return x(

Input :base model p; proposal model pprop; power & > 1; cut power p > 0; length T
Hyperparameters:block size B; number of MCMC steps per stage Nnicmc
Output :continuation xg.7 approximately distributed according to Il

Set K < [T/B], Ty + 0, and x(©) to the empty continuation

for each stage k <— 1,2,...,K do

Set the k-th stage’s target length Ty <— min {kB, T}
Sample a suffix s ~ pprop (- | x**~V) of length T}, — Ty,
Set the current state x + (x(k’l), s)

// Metropolis—Hastings chain targeting the power distribution for length-Tj
for each MCMC stepn +— 1,2, ..., Npyemc do
Compute entropy profile iy (x) < — Y ey P(v | x<t)logp(v | x<t) for t =0,1,..., Ty
Compute entropy jumps A¢(x) <— max{0, hi(x) —h_q1(x)} fort =1,2,..., Ty
if Y5 A (x)P = 0 then
| Sample a cut point m uniformly from {1,..., Ti}
else
| Sample a cut point m ~ Ag(-; x)
Sample a (new) suffix s ~ pprop (- | Xo.u—1) of length T —m
Set the proposed state as xP™P <— (x(.;,—1,5)
Compute the acceptance probability

prop
I17 (xP™P) Ag (m;xP™P) Pprop | ¥m:T, ‘ X0:m—1
Am(xl xProp) + min {1/ Ty ( ) B ( ) . ( k m )

M () A i) gy (W0 | w0 )

With probability A, (x, xP™P), accept the proposal and set x <— xP™P
Otherwise, reject the proposal and leave x unchanged

Set the k-th stage’s output as x(%) « x
K)
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B.6 Algorithm: Uniform-Cut Stagewise Metropolis—Hastings

In this section, we present the pseudocode for the sampler of Karan and Du [KD26].
The sampler of Karan and Du [KD26] is the special case of the meta-algorithm in Algorithm 1
obtained by taking the cut distribution to be uniform:

Aunit(m; x) = foreachm € {1,...,¢}.

| =

Thus every token position is treated as equally likely to be revised. Under this choice, the cut-law
ratio in the Metropolis—Hastings acceptance probability is identically one, so the general meta-
algorithm simplifies to the uniform-cut sampler shown in Algorithm 3. In the implementation of
Karan and Du [KD26], the proposal model ppqp is taken to be a low-temperature version of the
base model, but we keep pprop explicit below.

Algorithm 3: Uniform-Cut Stagewise Metropolis—Hastings

Input :base model p; proposal model pprop; power & > 1; length T
Hyperparameters:block size B; number of MCMC steps per stage Nyicmc
Output :continuation x(.7 approximately distributed according to I'ly

[

SetK < [T/B], Ty < 0, and 19 to the empty continuation

N

for each stage k < 1,2,...,K do

3 Set the k-th stage’s target length Ty <— min {kB, T}

4 Sample a suffix s ~ pprop (- | xk=1)) of length Ty — Ty_;
5 Set the current state x < (x(k=1),5)

// Metropolis—Hastings chain targeting the power distribution for length-Ty
6 for each MCMC stepn < 1,2,..., Nmemce do

7 Sample a cut point m uniformly from {1,..., T;}

8 Sample a (new) suffix s ~ pprop (- | Xp:u—1) of length T —m

9 Set the proposed state as xP™P < (x¢.,,—1,5)

10 Compute the acceptance probability

prop
Il (xP™P) Pprop (xm:T | Xo. —1)
A (x, xP™P) < min {1, 1 ( ) : =

HTk (x) Pprop (xl:nr%f | xO:mfl)

1 With probability A, (x, xP™P), accept the proposal and set x <— xP™P
Otherwise, reject the proposal and leave x unchanged

12 Set the k-th stage’s output as x%) < x

13 return x(K)

B.7 Proof of Theorem 4.1

In this section, we prove Theorem 4.1.

Proof of Theorem 4.1. We divide the proof into three steps. First, we reduce the chain to the space of
branch choices and define the relevant conductance quantities. Second, we show that entropy-cut
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has large conductance, while uniform-cut has a low-conductance bottleneck at the first branch.
Third, we convert these conductance estimates into the claimed mixing-time bounds.

Step A (Reduction to Branch Choices and Conductance Notation). By Item 4 of Condition 1, all
subtrees below the children of any branch node are isomorphic. This implies that every root-to-leaf
path has branch nodes at the same depths

1§b1<b2<"'<bk§T,

and that the j-th branch has the same number of children, say d; > 2, on every path. Indeed, before
the first branch node there is only one possible path, so the first branch depth b; is common to all
leaves. At that branch, the child subtrees are isomorphic, so the pattern of future branch depths
and the number of children at each future branch are identical in every child subtree. Repeating
this argument inductively gives common branch depths by, ..., by and common branching factors
dy, ..., dy.

Since every non-branch node has only one child, a leaf is uniquely determined by its sequence
of branch choices. Thus, we identify the state space with

Q= [dq] x [da] x - -+ x [d].

We write r = (rq,...,1¢) € Q for a branch-choice sequence, and we write II7(r) for the target
mass of the corresponding leaf. Let x(r) denote the root-to-leaf token sequence corresponding to r.
Since all tokens before the first branch are deterministic, the prefix x(r)g.5, 1 is the same for every r;
denote this common prefix by xg,,

For a cut distribution A, let Py denote the one-step MH transition kernel on ). For any set
A C Qwith0 < IIr(A) < 1/2, define its conductance under A by

D) (A) = pAr(Xl € A% Xo ~Tr(- | A)) Z 17 (r) Py (r, A°). (3)
reA

The global conductance is
®P,:= min O,(A).
0<IlIr(A)<1/2
We will use the following proposal-imbalance quantity for the proposal obtained by cutting at
the first branch and resampling the suffix from ppop:

IT
M; = sup r(r) .
70 porop ((M)oyr | %54,1)

(4)

This definition uses pprop directly, rather than introducing a separate full-suffix proposal distribu-
tion.

We next bound M; using the first two items of Condition 1. For any r € (), Item 1 gives
ITr(r) < e"U(r). Since the prefix before the first branch is deterministic,

U(T) =Uu (x(r)bllT | x8:b171) :
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Applying Item 2 with the cut prefix xj, _; gives
u (x<”)b1:T ‘ xg:bl—l) < € pprop (x(”)b1:T ‘ xg:bl—l) :
Combining the above two yields I17(r) < e pprop (x(r)p,.7 | X0.p, 1), and therefore

My < e ©)

Step B (Conductance Bounds). We now prove the conductance estimates that drive the separation.
The statement below isolates the two relevant facts: entropy-cut has uniformly large conductance
because it can reopen the first semantic decision with probability 1/k, whereas uniform-cut has a
low-conductance bottleneck at the first branch because it reopens that decision only with probability
bi/T.

Lemma B.4 (Conductance Bounds). Under the assumptions of Theorem 4.1, the entropy-cut chain satisfies
D (A) > 1/2mk for every A C Qwith 0 < T (A) < 1/2. In particular,

1 e 21

b, > — > ——
= 2Mk T 2k

Moreover, there exists a first-branch set S C Q with 0 < TIp(S) < 1/2 such that ® e (S) < bi/T.
Consequently, for this same set S,

T e AT

> ; >
= 2M1kb1 (Dunlf(s)

Dec(S) T

q)unif ( S ) . (6)

Proof of Lemma B.4. We first show that entropy-cut chooses uniformly among the semantic branch
positions. By Item 3 of Condition 1, the positive entropy jumps occur exactly at branch nodes and
have the same value A. Thus, for every root-to-leaf path x,

A (x) B A, e {bl,...,bk},
t 0, otherwise.

Therefore, for any g > 0,

AP 1
Ag(bj;x) = —/——— = = foreachje {1,...,k}.
PR Ak
In particular, entropy-cut chooses the first branch depth b; with probability 1/k.
Now condition on the event that entropy-cut chooses m = b;. Because all tokens before
the first branch are deterministic in the branch-choice representation, this cut redraws the entire
branch-choice sequence by sampling

x(r/)bliT ~ Pprop ( ’ x(c;:bl—l) :

Moreover, since Aﬁ(bl; x) = 1/k for every state x, the cut-distribution correction in the MH ratio
cancels. Thus, conditional on choosing m = by, the transition is the independence Metropolis—
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Hastings kernel with target It and proposal mass pprop (x(r/ )oy:T | xgzbﬁl) . We claim that this
conditional kernel satisfies the minorization

Ky, (r,) > MLHT(-) for every r € (), (7)
1

where K}, denotes the MH kernel conditional on cutting at b;. To prove this, define

HT(T)

w(r) = .
Porop (X(Poyr | 354, 1)

By definition, w(r) < M; for every r. For two states r, 7’ € (), the accepted proposal mass that K,
assigns to v’ is

(") pprop (x(”)ln:T | xS:bl—l) }

pprop (x(r)ey:1 | Xgp,_1) min { 1,
II7(r) Pprop <x(r’)b1:T | szbl—l)

Equivalently, this is

Pprop (X(r/)bl:T | xS:bl—l) min {1’ CU((:,)) } )

If w(r") < w(r), then the accepted proposal mass equals

Pprop (x(r/)b1:T | xg:bl—l)

If w(r') > w(r), then the accepted proposal mass equals

o IIr (7 1
Por (50t | 55,1) = o 2 3110

Thus the accepted proposal mass dominates M; 'TIr(r') for every r’. Rejections only add mass to
the current state, so (7) follows. Since the full entropy-cut kernel uses Kj, with probability 1/k, we
obtain

1
Pec(r, ) > WHT(-) for every r € (). (8)

Consequently, for every A C Q with 0 < IIr(A) <1/2,andeveryr € A,

1 1
A > oy >
Peclr, A) 2 32 T (A%) 2 o0

Averaging over r ~ IIr(- | A) gives ®ec(A) > zz\}Tk Since this holds for every such A, ®¢. > ﬁlk
Using (5), we further get ®¢. > %

We next exhibit a low-conductance set for the uniform-cut chain. For i € [d;], let S; C Q) be the
set of paths whose first branch choice is i. These sets partition (), so there exists i, € [d] such that
[17(S;,) < 7- < 3.Set S = S;,. Then 0 < I17(S) < 1/2.

Under the uniform-cut chain, the first branch can change only if the cut occurs at or before
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depth b;. This happens with probability b;/T. Any later cut preserves the first branch choice,
and any rejection also leaves the state unchanged. Therefore, for every r € S, Pyne(r, S¢) < le
Averaging over 7 ~ IIr(- | S) gives ®@ni¢(S) < . Finally, applying the entropy-cut lower bound

to this same set S, and using the uniform-cut upper bound, gives

1 T e 21T

CI)unif(s) > W

De.(S) >

> . (S).
= DMk = 2Mkb; unit ()

This proves the lemma. O

Step C (From Conductance to Mixing Time). We now convert the above bounds into mixing-time
estimates. For entropy-cut, we use the stronger minorization (8). Let p := M%k Then (8) implies that
for every r € O, Pec(r,-) > pIlr(+). Equivalently, each step of the entropy-cut chain has probability
at least p of refreshing exactly from stationarity. Hence, after n steps,

sup drv (Pe(r,-), IIr) < (1 —p)" < exp(—pn).

reQ)
Therefore, if n > Mjklog1/, then the total-variation distance is at most e. Using M; < e from 5),
we obtain

Tl’an( ) < ezﬂklog 1/e. (9)

It remains to lower bound the mixing time of the uniform-cut chain. Start the uniform-cut chain
from any state 7(?) € S, where S is the first-branch set constructed in the proof of Lemma B.4. Until
the first branch is reopened, the chain must remain in S. Under uniform cuts, the first branch is
reopened at each step with probability b; /T. Hence,

lr0,5) 2 (1- %) (10
Total variation distance is at least the discrepancy on the event S, so
v (Paer®, .11 = P, 8) ~ T () > (1-24)" -1 an
unif 7o) nif 7 T 2 .
Fix ¢ € (0,1/2) and define
_1 1
Ce i= — log > 0.

e+1/2

Since b; < T/2, we have — log (1 — b%) < 2%1. Therefore, for every n < cg%, we have
bi\"
l_T > exp (—2¢;) = Ve+1/2.

Since ¢ < 1/2, we have /e 4 1/2 — 1/2 > ¢. Plugging this into (11) gives dtv (Pumf( ), -),HT> > €
forall n < ¢,T/by. Thus, To0if () = Q) (E) . Together with (9), this proves the theorem, with the

mix

entropy-cut upper bound carrying the factor ¢/ under the symmetry condition as stated. O
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C Additional Experiments and Details

C.1 Benchmark Details
In this section, we describe the datasets we use.

¢ MATHS500: The MATH dataset [LKBE+24] is a set of competition math problems spanning
seven categories, including geometry, number theory, and precalculus. There are 12500 total
problems, of which 5000 are test problems. MATHS500 is a particular randomly chosen subset
of the test set standardized by OpenAl.

¢ HumanEval: HumanEval [CT]Y+21] consists of 164 handwritten programming problems
covering algorithms, reasoning, mathematics, and language comprehension. Each problem
comes with associated unit tests (7.7 on average) and a solution must pass all tests to be
considered correct.

* GPQA Diamond: GPQA [RHSP+24] is a dataset of graduate-level multiple-choice science
questions. GPQA Diamond is a subset of 198 questions of the highest quality.

¢ AIME26: The AIME 2026 [Art26] dataset comprises 30 high-school olympiad-level mathemat-
ical problems sourced from the 2026 American Invitational Mathematics Examination (AIME
I and AIME II). The dataset spans algebra, geometry, number theory, and combinatorics, with
each problem requiring multi-step logical deduction.

C.2 Experimental Details

Here we detail the hyperparameters for the baselines.

SMC Hyperparameters. The most important hyperparameter for SMC is the number of particles
N, which Azizi, Potraghloo, Ahmadi, Kundu, et al. [APAK+26] sets to be N = 64. All other
hyperparameters, such as the generation length T, power exponent &, etc., are not specific to SMC,
and we take them to be the same as entropy-cut MH (Section 5.1).

TMC Hyperparameters. TMC has a few more hyperparameters, which we set following Ji, Tutunov,
Zimmer, and Ammar [JTZA26]. Specifically, we take the block-length (look-ahead length) to be
B = 192, the number of candidate sequences K = 8, and the number of look-ahead completions per
candidate to be M = 8. Similar to SMC, all other hyperparameters are not specific to TMC, and we
take them to be the same as entropy-cut MH (Section 5.1).

C.3 Likelihood and Confidence

The sequence log-likelihood and average confidence [PCIF+25] of a sequence with respect to a model
are respectively defined to be

LL(xor) = Li—olog p(xe | x<t),  Conf(xor) = 157 Lico Loev (v | x<1) log p(v | x<t).

We plot the distribution of the sequence log-likelihood values computed via the base model
(owen2.5-Math-7B) on the MATH500 dataset across 8 random seeds in Figure 6. Similarly, we
plot the average confidence in Figure 7. In addition, the 25th, 50th (median), and 75th percentile
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values are marked with dashed, solid, and dotted vertical lines. We observe that entropy-cut MH
samples from higher-likelihood regions than standard, low-temperature, and uniform-cut MH, and
from regions similar to those sampled by SMC and TMC.

Standard Uniform-Cut MH TMC
. : . : .
- 01=-168.10 g -- 0,=-28.18 i -- 01=-23.26 i
—0,=-83.82 : — 0,=-16.63 ! — ,=-13.20 !
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Figure 6: Entropy-Cut MH (ours) samples from high probability regions. We plot
Qwen2.5-Math-7B log-likelihoods for MATHS500 responses across samplers.

C.4 Ablations

We demonstrate the stability of our algorithm against the specific choices of hyperparameters.
Throughout these ablations, we fix the model to be Qwen2.5-Math-7B, the MATH500 dataset,
and all default hyperparameter settings described in Section 5.1, while varying the parameter in
question. We report the average score across 8 repetitions.

Power Distribution Exponent (x). We plot the MATH500 scores across varying values of « in
Figure 8. At the extreme a = 1, this is equivalent to the standard sampling algorithm. As noted
by Karan and Du [KD26], a higher « is correlated with better reasoning, but directly optimizing
for likelihood is not necessarily optimal for sampling. Nonetheless, we see that the accuracy of
entropy-cut MH remains relatively stable beyond a > 2.0.

Cut Law Exponent (). Similarly, Figure 9 plots the MATH500 scores across various values of B.
The accuracy seems similarly stable for values of § > 2.0.

Metropolis-Hastings Steps (Nyicme). In Figure 10, we plot the MATHS500 scores across different
numbers of Nyicvc. While increasing the number of steps increases the performance as expected,
the increase past 10 steps seems to be relatively minor.
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Figure 7: Entropy-Cut MH (ours) samples from high confidence regions. @We plot

Qwen2.5-Math-7B average confidence values for MATH500 responses across samplers.
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Figure 9: Entropy-Cut MH is stable to the choice of cut law exponent . We plot
Qwen2.5-Math-7B scores for MATHS500 across various values of B generated by entropy-cut
MH.
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Figure 10: Entropy-Cut MH improves with additional transition steps Nycmc. We plot
Qwen2.5-Math-7B scores for MATH500 across various values of Nyicvc generated by entropy-
cut MH.
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C.5 Running Times

To demonstrate the scalability of our method, we report the average running time to generate the
solution to a MATHS500 question using Qwen2 . 5-Math-7B for the various (power) samplers in
Figure 11. As expected, standard and low-temperature sampling are an order of magnitude faster;
uniform-cut MH, entropy-cut MH, and SMC have comparable costs. TMC is the most expensive
algorithm, requiring nearly double the cost of other samplers.
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Figure 11: Entropy-Cut MH has running times comparable to other power sampling methods.
We plot Qwen2 . 5-Math-7B average time to generate a solution per MATH500 question across
various (power) sampling algorithms.

C.6 Prompts

For each dataset except HumanEval, we have two sets of prompts. We use one for the Qwen family
of base models (Qwen2.5-7B, Qwen2.5-Math—-7B, Qwen3-8B—-Base), which does not use a chat
template, and another for the Phi family of instruction-tuned models (Phi-3.5-mini-instruct,
Phi-4-mini-instruct), which uses the respective chat templates.

C.6.1 MATH500

Qwen Family. We use the following prompt template where {Question} is replaced with the
specific MATH500 question.

Can you solve the following math problem? Please reason step by step,
<~ and put your final answer within \\boxed{({}}.

{Question}

Remember to present your final answer within \\boxed{{}}!"

Phi Family. We format the following messages using the respective model chat templates where
{Qwen Prompt} is replaced with the prompt above.

[
{"role": "system", "content": "You are an AI math expert."},
{"role": "user", "content": {Qwen Prompt}},
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C.6.2 HumankEval

For HumanEval, we directly provide the model with the code stub and enforce the following stop
words.

[
"\nclass",
"\ndef",
"\n#",
"\nif",
"\nprint",
"\nassert",
"\nimport",
"\nfrom",
"\n\\ \",

"if name__ ",

C.6.3 GPQA Diamond

Qwen Family. For fairness, we randomly permute each GPQA Diamond multiple-choice answer
among the choices and use the following prompt template. Here {Question} is replaced with
the specific GPQA Diamond question and {A}, {B}, {C}, and {D} are replaced with the actual
multiple-choice responses.

Answer the following multiple-choice gquestion. The last line of your
— response should be of the following format: ’\\boxed{{SLETTER}}’ (
~— without quotes) where LETTER is one of ABCD. Think step by step

— before answering.

{Question}

>

{A}
{B}
{C}

)
)
)
) {D}

Phi Family. We format the following messages using the respective model chat templates where
{Qwen Prompt} is replaced with the prompt above.

[

{"role": "user", "content": {Qwen Prompt}},

C.6.4 AIME26

For AIME26, we use the same prompt templates as MATHS500 for both the Qwen and Phi families.

33



	Introduction
	Preliminaries on Sharpening and Metropolis–Hastings Algorithm
	Entropy-Cut Metropolis–Hastings
	Empirical Validation of the Entropy Proxy

	Theoretical Results on Mixing Time
	Evaluation of Performance on Reasoning and Instruction Following
	Setup
	Results
	Analysis

	Conclusion, Limitations, and Future Work
	Additional Related Work
	Additional Discussion and Remarks
	Remarks on Metropolis–Hastings
	Irreducibility and Aperiodicity of the Stagewise MH Chain
	Low-Temperature Sampling Is Not Power Sampling
	Illustration of a Reasoning Tree
	Algorithm: Entropy-Cut Stagewise Metropolis–Hastings
	Algorithm: Uniform-Cut Stagewise Metropolis–Hastings
	Proof of thm:approx-symmetric-mixing-separation

	Additional Experiments and Details
	Benchmark Details
	Experimental Details
	Likelihood and Confidence
	Ablations
	Running Times
	Prompts
	MATH500
	HumanEval
	GPQA Diamond
	AIME26



